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3. The Fundamental Theorem Of Calculus

3.1. The Fundamental Theorem Of Calculus, Part I

The first part of the Fundamental Theorem deals with a function defined by an integral ” the

function of net area under the curve of another function” given by g(x) =

x∫

a

f(t) dt where f is a

continuous function on [a, b] and x varies between a and b.

a b

y

x

x f(x) g(x)

�

�

1.0 1.86 0.0

x

area = g(x)

�

�

1.06 1.9 0.1

x

area = g(x)

�

�

1.11 1.94 0.21

x

area = g(x)

�

�

1.17 1.98 0.32

x

area = g(x)

�

�

1.22 2.03 0.43

x

area = g(x)

�

�

1.28 2.07 0.55

x

area = g(x)

�

�

1.33 2.11 0.66

x

area = g(x)

�

�

1.39 2.15 0.78

x

area = g(x)

�

�

1.44 2.19 0.9

x

area = g(x)

�

�

1.5 2.23 1.02

x

area = g(x)

�

�

1.56 2.26 1.15

x

area = g(x)

�

�

1.61 2.3 1.27

x

area = g(x)

�

�

1.67 2.33 1.4

x

area = g(x)

�

�

1.72 2.36 1.53

x

area = g(x)

�

�

1.78 2.39 1.67

x

area = g(x)

�
�

1.83 2.41 1.8

x

area = g(x)

�
�

1.89 2.43 1.93

x

area = g(x)

�
�

1.94 2.45 2.07

x

area = g(x)

�
�

2.0 2.47 2.21

x

area = g(x)

��

2.06 2.48 2.34

x

area = g(x)

��

2.11 2.49 2.48

x

area = g(x)

��

2.17 2.5 2.62

x

area = g(x)

�
�

2.22 2.5 2.76

x

area = g(x)

�
�

2.28 2.5 2.9

x

area = g(x)

�
�

2.33 2.49 3.04

x

area = g(x)

�

�

2.39 2.49 3.17

x

area = g(x)

�

�

2.44 2.48 3.31

x

area = g(x)

�

�

2.5 2.46 3.45

x

area = g(x)

�

�

2.56 2.44 3.59

x

area = g(x)

�

�

2.61 2.42 3.72

x

area = g(x)

�

�

2.67 2.4 3.86

x

area = g(x)

�

�

2.72 2.37 3.99

x

area = g(x)

�

�

2.78 2.34 4.12

x

area = g(x)

�

�

2.83 2.31 4.25

x

area = g(x)

�

�
2.89 2.28 4.38

x

area = g(x)

�

�
2.94 2.24 4.5

x

area = g(x)

�

�
3.0 2.2 4.62

x

area = g(x)

�

�
3.06 2.17 4.75

x

area = g(x)

�

� 3.11 2.13 4.86

x

area = g(x)

�

� 3.17 2.08 4.98

x

area = g(x)

�

� 3.22 2.04 5.1

x

area = g(x)

�

� 3.28 2.0 5.21

x

area = g(x)

�

�
3.33 1.96 5.32

x

area = g(x)

�

�
3.39 1.92 5.43

x

area = g(x)

�

�
3.44 1.88 5.53

x

area = g(x)

�

�

3.5 1.84 5.64

x

area = g(x)

�

�

3.56 1.8 5.74

x

area = g(x)

�

�

3.61 1.76 5.84

x

area = g(x)

�

�

3.67 1.73 5.93

x

area = g(x)

�

�

3.72 1.69 6.03

x

area = g(x)

�

�

3.78 1.66 6.12

x

area = g(x)

�

�

3.83 1.63 6.21

x

area = g(x)

�

�

3.89 1.6 6.3

x

area = g(x)

�

�

3.94 1.58 6.39

x

area = g(x)

�

�

4.0 1.56 6.48

x

area = g(x)

�

�

4.06 1.54 6.56

x

area = g(x)

�

�

4.11 1.53 6.65

x

area = g(x)

�

�

4.17 1.51 6.73

x

area = g(x)

�

�

4.22 1.51 6.82

x

area = g(x)

�

�

4.28 1.5 6.9

x

area = g(x)

�

�

4.33 1.5 6.98

x

area = g(x)

�

�

4.39 1.5 7.07

x

area = g(x)

�

�

4.44 1.51 7.15

x

area = g(x)

�

�

4.5 1.52 7.23

x

area = g(x)

�

�

4.56 1.53 7.32

x

area = g(x)

�

�

4.61 1.54 7.4

x

area = g(x)

�

�

4.67 1.56 7.49

x

area = g(x)

�

�

4.72 1.59 7.58

x

area = g(x)

�

�

4.78 1.61 7.67

x

area = g(x)

�

�

4.83 1.64 7.76

x

area = g(x)

�

�

4.89 1.67 7.85

x

area = g(x)

�

�

4.94 1.7 7.94

x

area = g(x)

�

�

5.0 1.73 8.04

x

area = g(x)

    � � � �   �
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Example 1. If the graph of f is given and g(x) =

x∫
0

f(t) dt,

find

1. g(0) 2. g(1) 3. g(2)

4. g(3) 5. g(4) 6. g(5).

Then sketch the graph of g.

1

2

-1

-2

1 2 3 4 5-1

x

y

Solution: g(0) =

0∫

0

f(t) dt = 0 g(1) =

1∫

0

f(t) dt =
1

2
[1.2] = 1 ?

g(2) =

2∫

0

f(t) dt =

1∫

0

f(t) dt+

2∫

1

f(t) dt = 1 + (1)(2) = 3 ?

g(3) =

3∫

0

f(t) dt =

2∫

0

f(t) dt+

3∫

2

f(t) dt = 3 + 1.3 = 4.3
?

g(4) =

4∫

0

f(t) dt =

3∫

0

f(t) dt+

4∫

3

f(t) dt = 4.3 + (−1.3) = 3 ?

g(5) =

5∫

0

f(t) dt =

4∫

0

f(t) dt+

5∫

4

f(t) dt = 3 + (−1.3) = 1.7 ? �

    � � � �   �

1

2

3

4

5

-1

-2

-3

1 2 3 4 5-1

y

x

x f(x) g(x)

��

0.0 0.0 0.0

xarea = g(x) ��

0.02 0.03 0.0

x
area = g(x) ��

0.03 0.07 0.0

x
area = g(x)

��

0.05 0.1 0.0

x
area = g(x)

��

0.07 0.13 0.0

x
area = g(x)

��

0.08 0.17 0.01

x
area = g(x)

��

0.1 0.2 0.01

x
area = g(x)

��

0.12 0.23 0.01

x
area = g(x)

�
�

0.13 0.27 0.02

x
area = g(x)

�
�

0.15 0.3 0.02

x
area = g(x)

�
�

0.17 0.33 0.03

x
area = g(x)

�
�

0.18 0.37 0.03

x
area = g(x)

�
�

0.2 0.4 0.04

x
area = g(x)

�
�

0.22 0.43 0.05

x
area = g(x)

�
�

0.23 0.47 0.05

x
area = g(x)

�
�

0.25 0.5 0.06

x
area = g(x)

�
�

0.27 0.53 0.07

x
area = g(x)

�
�

0.28 0.57 0.08

x
area = g(x)

�
�

0.3 0.6 0.09

x
area = g(x)

�
�

0.32 0.63 0.1

x
area = g(x)

�
�

0.33 0.67 0.11

x
area = g(x)

�
�

0.35 0.7 0.12

x
area = g(x)

�

�

0.37 0.73 0.13

x
area = g(x)

�

�

0.38 0.77 0.15

x

area = g(x)

�

�

0.4 0.8 0.16

x

area = g(x)

�

�

0.42 0.83 0.17

x

area = g(x)

�

�

0.43 0.87 0.19

x

area = g(x)

�

�

0.45 0.9 0.2

x

area = g(x)

�

�

0.47 0.93 0.22

x

area = g(x)

�

�

0.48 0.97 0.23

x

area = g(x)

�

�

0.5 1.0 0.25

x

area = g(x)

�

�

0.52 1.03 0.27

x

area = g(x)

�

�

0.53 1.07 0.28

x

area = g(x)

�

�

0.55 1.1 0.3

x

area = g(x)

�

�

0.57 1.13 0.32

x

area = g(x)

�

�

0.58 1.17 0.34

x

area = g(x)

�

�

0.6 1.2 0.36

x

area = g(x)

�

�

0.62 1.23 0.38

x

area = g(x)

�

�

0.63 1.27 0.4

x

area = g(x)

�

�

0.65 1.3 0.42

x

area = g(x)

�

�

0.67 1.33 0.44

x

area = g(x)

�

�

0.68 1.37 0.47

x

area = g(x)

�

�

0.7 1.4 0.49

x

area = g(x)

�

�

0.72 1.43 0.51

x

area = g(x)

�

�

0.73 1.47 0.54

x

area = g(x)

�

�

0.75 1.5 0.56

x

area = g(x)

�

�

0.77 1.53 0.59

x

area = g(x)

�

�

0.78 1.57 0.61

x

area = g(x)

�

�

0.8 1.6 0.64

x

area = g(x)

�

�

0.82 1.63 0.67

x

area = g(x)

�

�

0.83 1.67 0.69

x

area = g(x)

�

�

0.85 1.7 0.72

x

area = g(x)

�

�

0.87 1.73 0.75

x

area = g(x)

�

�

0.88 1.77 0.78

x

area = g(x)

�

�

0.9 1.8 0.81

x

area = g(x)

�

�

0.92 1.83 0.84

x

area = g(x)

�

�

0.93 1.87 0.87

x

area = g(x)

�

�

0.95 1.9 0.9

x

area = g(x)

�

�

0.97 1.93 0.93

x

area = g(x)

�

�

0.98 1.97 0.97

x

area = g(x)

�

�

1.0 2.0 1.0

x

area = g(x)1

2

3

4

5

-1

-2

-3

1 2 3 4 5-1

y

x

x f(x) g(x)

��

0.0 0.0 0.0

xarea = g(x)
��

0.03 0.07 0.0

x
area = g(x)

��

0.07 0.13 0.0

x
area = g(x)

��

0.1 0.2 0.01

x
area = g(x)

�
�

0.13 0.27 0.02

x
area = g(x)

�
�

0.17 0.33 0.03

x
area = g(x)

�
�

0.2 0.4 0.04

x
area = g(x)

�
�

0.23 0.47 0.05

x
area = g(x)

�
�

0.27 0.53 0.07

x
area = g(x)

�
�

0.3 0.6 0.09

x
area = g(x)

�
�

0.33 0.67 0.11

x
area = g(x)

�

�

0.37 0.73 0.13

x
area = g(x)

�

�

0.4 0.8 0.16

x

area = g(x)

�

�

0.43 0.87 0.19

x

area = g(x)

�

�

0.47 0.93 0.22

x

area = g(x)

�

�

0.5 1.0 0.25

x

area = g(x)

�

�

0.53 1.07 0.28

x

area = g(x)

�

�

0.57 1.13 0.32

x

area = g(x)

�

�

0.6 1.2 0.36

x

area = g(x)

�

�

0.63 1.27 0.4

x

area = g(x)

�

�

0.67 1.33 0.44

x

area = g(x)

�

�

0.7 1.4 0.49

x

area = g(x)

�

�

0.73 1.47 0.54

x

area = g(x)

�

�

0.77 1.53 0.59

x

area = g(x)

�

�

0.8 1.6 0.64

x

area = g(x)

�

�

0.83 1.67 0.69

x

area = g(x)

�

�

0.87 1.73 0.75

x

area = g(x)

�

�

0.9 1.8 0.81

x

area = g(x)

�

�

0.93 1.87 0.87

x

area = g(x)

�

�

0.97 2.0 0.93

x

area = g(x)

�

�

1.0 2.0 1.0

x

area = g(x)

�

�

1.03 2.0 1.07

x

area = g(x)

�

�

1.07 2.0 1.13

x

area = g(x)

�

�

1.1 2.0 1.2

x

area = g(x)

�

�

1.13 2.0 1.27

x

area = g(x)

�

�

1.17 2.0 1.33

x

area = g(x)

�

�

1.2 2.0 1.4

x

area = g(x)

�
�

1.23 2.0 1.47

x

area = g(x)

�
�

1.27 2.0 1.53

x

area = g(x)

�
�

1.3 2.0 1.6

x

area = g(x)

�
�

1.33 2.0 1.67

x

area = g(x)

�
�

1.37 2.0 1.73

x

area = g(x)

��

1.4 2.0 1.8

x

area = g(x)

��

1.43 2.0 1.87

x

area = g(x)

��

1.47 2.0 1.93

x

area = g(x)

��

1.5 2.0 2.0

x

area = g(x)

��

1.53 2.0 2.07

x

area = g(x)

��

1.57 2.0 2.13

x

area = g(x)

��

1.6 2.0 2.2

x

area = g(x)

�
�

1.63 2.0 2.27

x

area = g(x)

�
�

1.67 2.0 2.33

x

area = g(x)

�
�

1.7 2.0 2.4

x

area = g(x)

�
�

1.73 2.0 2.47

x

area = g(x)

�
�

1.77 2.0 2.53

x

area = g(x)

�

�

1.8 2.0 2.6

x

area = g(x)

�

�

1.83 2.0 2.67

x

area = g(x)

�

�

1.87 2.0 2.73

x

area = g(x)

�

�

1.9 2.0 2.8

x

area = g(x)

�

�

1.93 2.0 2.87

x

area = g(x)

�

�

1.97 2.0 2.93

x

area = g(x)

�

�

2.0 2.0 3.0

x

area = g(x)1

2

3

4

5

-1

-2

-3

1 2 3 4 5-1

y

x

x f(x) g(x)

��

0.0 0.0 0.0

xarea = g(x)
��

0.05 0.1 0.0

x
area = g(x)

��

0.1 0.2 0.01

x
area = g(x)

�
�

0.15 0.3 0.02

x
area = g(x)

�
�

0.2 0.4 0.04

x
area = g(x)

�
�

0.25 0.5 0.06

x
area = g(x)

�
�

0.3 0.6 0.09

x
area = g(x)

�
�

0.35 0.7 0.12

x
area = g(x)

�

�

0.4 0.8 0.16

x

area = g(x)

�

�

0.45 0.9 0.2

x

area = g(x)

�

�

0.5 1.0 0.25

x

area = g(x)

�

�

0.55 1.1 0.3

x

area = g(x)

�

�

0.6 1.2 0.36

x

area = g(x)

�

�

0.65 1.3 0.42

x

area = g(x)

�

�

0.7 1.4 0.49

x

area = g(x)

�

�

0.75 1.5 0.56

x

area = g(x)

�

�

0.8 1.6 0.64

x

area = g(x)

�

�

0.85 1.7 0.72

x

area = g(x)

�

�

0.9 1.8 0.81

x

area = g(x)

x

area = g(x)

�

�

1.0 2.0 1.0

x

area = g(x)

�

�

1.05 2.0 1.1

x

area = g(x)

�

�

1.1 2.0 1.2

x

area = g(x)

�

�

1.15 2.0 1.3

x

area = g(x)

�

�

1.2 2.0 1.4

x

area = g(x)

�
�

1.25 2.0 1.5

x

area = g(x)

�
�

1.3 2.0 1.6

x

area = g(x)

�
�

1.35 2.0 1.7

x

area = g(x)

��

1.4 2.0 1.8

x

area = g(x)

��

1.45 2.0 1.9

x

area = g(x)

��

1.5 2.0 2.0

x

area = g(x)

��

1.55 2.0 2.1

x

area = g(x)

��

1.6 2.0 2.2

x

area = g(x)

�
�

1.65 2.0 2.3

x

area = g(x)

�
�

1.7 2.0 2.4

x

area = g(x)

�
�

1.75 2.0 2.5

x

area = g(x)

�

�

1.8 2.0 2.6

x

area = g(x)

�

�

1.85 2.0 2.7

x

area = g(x)

�

�

1.9 2.0 2.8

x

area = g(x)

x

area = g(x)

�

�

2.0 2.0 3.0

x

area = g(x)

�

�

2.05 2.0 3.1

x

area = g(x)

�

�

2.1 1.98 3.2

x

area = g(x)

�

�

2.15 1.96 3.3

x

area = g(x)

�

�

2.2 1.92 3.39

x

area = g(x)

�

�
2.25 1.88 3.49

x

area = g(x)

�

�
2.3 1.82 3.58

x

area = g(x)

�

�
2.35 1.76 3.67

x

area = g(x)

�

�
2.4 1.68 3.76

x

area = g(x)

�

� 2.45 1.59 3.84

x

area = g(x)

�

� 2.5 1.5 3.92

x

area = g(x)

�

� 2.55 1.4 3.99

x

area = g(x)

�

� 2.6 1.28 4.06

x

area = g(x)

�

� 2.65 1.15 4.12

x

area = g(x)

�

� 2.7 1.02 4.17

x

area = g(x)

�

� 2.75 0.88 4.22

x

area = g(x)

�

�
2.8 0.72 4.26

x
area = g(x)

�

�
2.85 0.56 4.29

x
area = g(x)

�

�
2.9 0.38 4.31

x
area = g(x) �

�
2.95 0.19 4.33

x
area = g(x) �

�
3.0 0.0 4.33

xarea = g(x)

1

2

3

4

5

-1

-2

-3

1 2 3 4 5-1

y

x

x f(x) g(x)

��

0.0 0.0 0.0

xarea = g(x)
��

0.07 0.13 0.0

x
area = g(x)

�
�

0.13 0.27 0.02
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Theorem 3.1: [The Fundamental Theorem of Calculus, Part I]

If f is continuous on [a, b], then the function g defined by g(x) =

x∫
a

f(t) dt a ≤ x ≤ b is

continuous on [a, b] and differentiable on (a, b), and g′(x) = f(x).

Note 1: Using Leibeniz notation for derivatives, we can write FTC1 as
d

dx

x∫
a

f(t) dt = f(x).

Also
d

dx

h(x)∫
a

f(t) dt = f(h(x))h′(x) and
d

dx

a∫
h(x)

f(t) dt = − d

dx

h(x)∫
a

f(t) dt = −f(h(x))h′(x).

Example 2. Find the derivative of

x∫
0

√
1 + t2 dt.

Solution: Using FTC1,
d

dx

x∫
0

√
1 + t2 dt =

√
1 + x2. �

    � � � �   �
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Example 4. Find
d

dx

x4∫
0

sec t dt.

Solution: Using the note after FTC1,
d

dx

x4∫
0

sec t dt = sec (x4)4x3 = 4x3 sec (x4). Another

solution: let u = x4, then
d

dx

x4∫
0

sec t dt =
d

du

u∫
0

sec t dt
du

dx
= secu

du

dx
= 4x3 sec (x4). �

Theorem 3.2: [The Fundamental Theorem of Calculus, Part II]

If f is continuous on [a, b], then

b∫
a

f(x) dx = F (b)− F (a) where F is any antiderivative of

f. ( A function F such that F ′(x) = f(x).)

Note 2: We usually use the following notation

b∫
a

f(x) dx = F (x)|ba = F (b)− F (a).

    � � � �   �



The Fundamental Theorem Of Calculus c©Hamed Al-Sulami 6/8

Example 5. Evaluate

3∫
0

ex dx.

Solution: Since (ex)′ = ex, then an antiderivative of ex is ex.

Hence

3∫
0

ex dx = ex|30 = e3 − e0 = e3 − 1. �

Example 6. Find the area under the curve y = x2? from 0 to 1.

Solution: Since

(
x3

3

)′
= x2, then an antiderivative of x2 is

x3

3
.

Hence A =

1∫
0

x2 dx =
x3

3

∣∣∣∣
1

0

=
13

3
− 03

3
=

1

3
. �

    � � � �   �

1

1
x

y

y = x2S
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Example 7. Evaluate

6∫
3

1

x
dx.

Solution: Since (ln |x|)′ = 1

x
, then an antiderivative of

1

x
is ln |x|.

Hence

6∫
3

1

x
dx = ln |x||63 = ln 6− ln 3 = ln 2. �

Example 8. Find the area under the curve y = cosx
?
from 0 to b where 0 ≤ b ≤ π

2
.

Solution: Since (sinx)
′
= cosx, then an antiderivative of cosx is sinx.

Hence A =

b∫
0

cosx dx = sinx|b0 = sin b− sin 0 = sin b. �

    � � � �   �

1

π

2

y

y = cosx
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Example 9. What is wrong with the following

3∫
−1

1

x2
dx =

−1

x

∣∣∣∣
3

−1

=
−1

3
− 1 =

−4

3
.
?

Solution: Notice that
1

x2
> 0, and hence the integral can not be negative. Since

1

x2
, is

discontinuous on [−1, 3], then we can not use the FTOC2 for this function. �

Theorem 3.3: [The Fundamental Theorem of Calculus]
Suppose f is continuous on [a, b].

1. If g(x) =

x∫
a

f(t) dt, then g′(x) = f(x).

2.

b∫
a

f(x) dx = F (b)−F (a) where F is any antiderivative of f. ( A function F such that

F ′(x) = f(x).)

    � � � �   �

1

2

3

4

1 2 3 4-1
x

y

y =
1

x2
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